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Abstract

In this paper, damped non-uniform Rayleigh beam resting on Pasternak foundation and subjected to
distributed load with variable axial force has been investigated. The solution techniques to the governing
equation describing the dynamical system are based on Galerkin’s method, Laplace integral transformation
in conjunction with convolution theorem. Galerkin’s method is explored to reduce the fourth order non-
homogeneous partial differential equation to a second order ordinary differential equation. The resulting
equation is then solved using Laplace transformation while the inverse Laplace transformed is obtained with
the application of convolution theorem. The transverse displacement is calculated for various values of the
axial force (N,), Shear modulus (F,), Foundation Stiffness (K,), Damping Coefficient (Ac), and Rotatory
Inertia (R,). The results are shown graphically, and it reveals that the response amplitude of the beam under
distributed load reduces with increase in axial force, shear modulus, foundation modulus, damping
coefficient, and rotatory inertia. Also, as the length of the beam reduces the response amplitude of the beam
decreases and this implies that there is direct relationship between the beam’s response amplitude and the
length of the beam. Finally, axial force and rotatory inertia have more noticeable effects on the beam
subjected to the distributed compared with other structural parameters.
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INTRODUCTION

The analysis of elastic structural members resting
on elastic foundation played a significant role in
structural mechanics such as roadways, rails, and
design. This area of research has drawn the attention
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of many researchers [1-10]. Those researchers
considered one parameter foundation model which
is the simplest model to describe soil behavior. A
parameter model has one important shortcoming
which is discontinuous behavior of the displacement
in the surface beyond the region of the load, and this
contravenes what happened in the real-life situation.
Because of the shortcoming of one parameter model,
two parameters foundation (bi-parametric subgrade)
model came into existence and several researchers
that considered two parameters foundation model
with or without damping coefficient are Famuagun
[11], Khalih and Ahmed [12], Mustapha [13],
Ajibola [14], Saurabh [15], Baran [16], Jimoh and
Ajoge [17] to mention but a few.
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The above-mentioned researchers considered models with constant axial force and axial force may vary
with spatial coordinate. In view of this, Jimoh [18] considered variable axial force influence on elastic
beam under moving Load. He concluded that the response amplitude of the beam reduces with increase
in the values of the parameters. Afolabi and Peter [19] used Galerkin’s method and integral transformation
to investigate variable axial force influence on elastic beam subjected to moving concentrated load. They
concluded that higher values of the axial force significantly reduce as the response amplitude of the beam
and resonance risk reduced because of the combined effects of the structural parameters.

Based on the above reviewed of literatures, no researcher considered variable axial force, damping
coefficient, or Pasternak foundation on the same model.

Thus, this study investigated the damped non-uniform Rayleigh beam resting on Pasternak
foundation and subjected to distributed load with variable axial force.

PROBLEM FORMULATION
With reference to Figure 1 below, the differential equation describing the dynamical system can
be written as,

62 02W (x, t) 62W(x t) 0 oW (x, t) 0 W (x,t)
E— 2{]( )—} M(x) ——5— a{N(x)—ax }—Rga{M(x)—axatz }
+Ac 205D 1 o (x,t) = P(x, ) 1)

where, ¢ is time coordinate, x is spatial coordinate, P(x,t) is the transverse distributed load, Ac is
damping coefficient, N(x) is the variable axial force, F;(x,t) is the foundation reaction, R, is the
rotatory inertia, £ is the young modulus of elasticity of the beam, M (x) is variable mass per unit length
of the beam, J(x) is the variable moment of inertia of the cross section of the beam, and W (x, t) is the
response amplitude.

¥ = axis
A
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Nfx) —p ® - Nfx)
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Figure 1. A non-uniform beam resting on Pasternak foundation with variable axial force.

This study considered simply supported boundary conditions given as,

2
W(O,t) =0 =W(,t) and 20 == 2200 Q)
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and the initial conditions,

W(x,0) =0 = 2220 3)

In Equation (1) above, distributed load of the form was considered,
P(x,t) = MgH(x — ct) 4)

where, M is the mass of the distributed loads, g is the acceleration due to gravity, c¢ is the constant
velocity, ¢ is time, and H(x — ct) is the Heaviside function.

The Heaviside function H (x — ct) is defined as,

H(x —ct) = {f:;g (ct = 0) (5)
with properties:
i - {H(x — ct)} = 8(x — ct) (6)
ii. H(x—ct)f(ct)={f(2t')x’;§a @)

The Pasternak foundation F; (x, t) is given by,

0°W(xt
Fe(x,t) = K,W(x, t) — F, % (8)

where, K, and F, are constants foundation stiffness and shear modulus, respectively.

The variable moment of inertia J(x) and variable mass per unit length of the beam M(x) are,
respectively, given as,

3
JG) =Jo (1+sin™) ©)
M(x) = M, (1 + sin%) (10)
where, J, and M, are constant moment of inertia and constant mass of the beam, respectively.

The variable axial force N(x) is given as,
N(x) = N, (1+sin™) (11)
where, N, is the constant axial force.

Substituting Equations (4), (8), (9), (10), and (11) into Equation (1) to obtain,

E o {IO (1 + sin ”L—x)3 62Y(x,t)} + U, (1 + sin ”L—x) ofrxe) _ 2 {NO (1 + sin %) ay(x't)} — R? %{uo a+

0x2

ox? 9t2 ax E
. mxy 03Y(xt) Y (xt) 32y (x,t) _ B
sin—)——3 } +Ac—=—F,— 5=+ K,Y(x,t) = MgH(x — ct) (12)
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Further simplification of Equation (12) to obtain,

5 15 . mx 1 . 3mx 3 2mx\ 84y (x,t)
El, (2 +sin-—gsin— 2cos . ) pyon
97'[2 ., 3mx 1571' . TX 2 2mx\ 82y (x,t) 9%Y (x,t) . mx 8%y (x,t) 92Y (x,t)
El, (4L2 s;n L 4L2 stn + cos—, ) gxz 0 9tz +uo4sm L 0t2 No dx2
. mx 0°Y(x,t) X aY(x t) 2 0%Y(x,t) 2 . mx0*Y(xt)
Nosin L 9x? No COS L dx Holto 5 552 HoRo"sin L 9x29t2
T x 03Y (x,t oY (x,t 02y (x,t
loR,? oS ——— étz) + Ac ;t ) _ F, ( )+ K,Y(x,t) = MgH(x — ct) (13)

Equations (13) is the governing equation describing the dynamical system.

METHOD OF SOLUTION
The best method for solving diverse problems involving mechanical vibration is Galerkin’s method.
The method requires a solution of the form,

Yi(x,t) = X521 q;(0)B;(x) (14)

where q(t)’s are the coordinates in modal space and 5;(x)’s are the normal modes of free vibration of
the beam which can be written as,

Bj(x) = sinb;x + Ajcos0;x + Bjsinh8;x + Cjcoshb; (15)

where, the constants 4;, B;, C; and the mode frequencies 6; defines the space and amplitude of the beam
vibration whose values depend on the associated boundary conditions.

Thus, for a beam with simple support at both ends, it can be shown that,
- B —( = _ir
and

Bj(x) = sin™ (17)
By substituting Equation (14) into Equation (13) and simplified to obtain,

E1(5+15_nx 1  3nx 3 211) ) B (x) +
o5+ sin—gsin———cos q;(®) B’ (x)

972 ,37tx 1512  mx 6m?  2mx 11
Flo\qrzsin g~z ST ¥ eos ) i@ B+

-

ﬂoq(t)ﬁ(x)+ﬂ05in%q(t)_Noqj(t)ﬁ () = Nsm q](t)ﬁ'l(x)

j=1
N, T €05 = q;(6) B () — 1o R (6) B} () uoRozsmTq(t) TROE
| —110R,? T c05 (D)} 06) — +8¢, (DB CE) — iy q;(6) B} () + Ko, (DB ()|
—MgH(x —ct) =0 (18)

© JournalsPub 2025. All Rights Reserved 9



International Journal of Composite Materials and Matrices
Volume 11, Issue 2
ISSN: 2582-435X

To obtain the coordinates q;(t) in modal space, the Galerkin’s method requires that Equation (18)

be orthogonal to the function S (t) = sin kLLx where k is a dummy index.

By applying the orthogonality conditions and neglecting the sigma sign and substituting Equation

(17) and its derivative into Equation (18) to obtain,

[ (1+R (=) )11 + Ho <1+R0 i )Z)IZ—uoRoz(jT")zlg] i () +Ackq;(6)

10 (5" Gt 30 =310 =35) = 10 (5 (Gt + 55 450

. 2 . 2 2 .
Jm jm (T _ | q;(t) = Mgls
|l N, (Z) Ny (Z) 1= Noj (5) s — kol |
where
L k k
I =f sm%sm T dx , I = sstm%smﬂdx

kmx . 3T X kmx
I3 —f cos—cosj—sm—dx Iy —f sm—smj—sm—dx
L L L L

Is = | coszﬂsznﬂsmkﬂdx Is = [, H(x—ct)Slnka dx

By evaluating the integrals (I; — I) for j = k to obtain,

L
L =t
175

_ L _ cos(1+2j)m—1 | cos(1-2j)m—1
L =— (2(1 cost) + )

(1+2j) (1-2j)

I = L (1—605(1+2j)rr cos(1—2j)7t—1)

3 Tanm 1+2j 1-2j
L fcos(3+2j)m—1 cos(3-2j)m—1 2

Iy = —( (+2)) G212 (cos3m — 1))
am 342j 3-2j 3

15 _ L (ZSiTlZT[ _ sin(1+4j)2m _ sin (1—j)27'[)
8T

1+j 1-j

L kmct
— (cos - coskn)

I, =
6 km

By substituting the results of the integrals in (21a—21f) into Equation (19) to obtain,

Gj() + B22q,(t) + B33q;(t) = Paa(cosP,t + 1)

(19)

(20)

(21a)

(21b)

21c)

21d)

21e)

(211)

(22)
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where

d, = AuOROZ (an)za d, = AuoRozj (%)zadS =El, (%)4

b= 1 2 =0, ()= g (= (2 @

P11 = (o +d)Uy + 1) —dyl5 (24)
Bi, = Acl, (25)

5 15 1 3 9’ 1572 61>
P13 = d3 (511 +712—ZI4—515)—d4(n =51 +L15)

412 % 42 12
+ (ds +d; + K,)I; +dsl; — dgls (26)
= P =P p Mg — kmet
B2z = By’ B33 Bt Baa Bix and 3, L @7

Equation (22) above is a differential equation of second order and subjecting it to the Laplace transformation
defined by,

L{q;(0)} = Q;(s) = [} e Stq;(t)dt (28)

With the initial conditions in Equation (3), Equation (22) becomes,

52Q;(8) + B25Q;(5) + B33Q; () = Bua (5772 +3) (29)

N

After simplification and rearrangement, Equation (29) can be expressed as,

00 - L) ) -5 50
A= 0 -655)6) G0)

where
Ban 1/3222—4333 Boz A B2z’ —4B33
nEs g =T (3D

Laplace inverse of Equation (30) can be obtained by using the following,

L My(s) = —

s-r s—1y

M, (s) =

(32)

Ny(s) = 55 Na(s) =5 (33)

+ﬁ02l
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Substituting Equations (32) and (33) into Equation (30) to obtain,

Qj(5) = 72 (My ()Ny () — My (INy ()} +

T

ﬁjiz {M;(s)N,(s) — My(s)N,(s)} (34)

&1

The convolution of M;'s and N;'s which is the inversion of (34) can be defined as,

(M; * N)(t) = [ Mi(t = v)N;(w)dv i = 1,2.j = 1,2] (35)
where

M, (t —v) = e | M,(t — v) = e2(t77) (36)
Nl(v) = cosB,v, N,(v) =1 (37)

Substituting Equations (36) and (37) into Equation (34) and applying the convolution theorem in
Equation (35) and after simplifying to obtain,

q;(t) = TTy(e"" — cosBot) — TT,(e™t — cosfyt) + T (T3 — Ty)sinfot

+TTs(e™t — 1 — TTy(e™t — 1) (38)
where
_ PBaa _ 1 _ 2
T= -1y’ Tl - [302"'7”12 ’ Tz B Boz"'rz2 ’
__bo —_Po -1 -1
T3 - ﬂ02+T12 s 44 — 302+T22 ] TS - r s T6 - 7 (39)

Substituting Equations (17) and (38) into Equation (14) to obtain,

[ee]

Yi(x,t) = Z(TTl(erlt — cosPyt) — TTy(e™t — cosP,t) + T(T3 — Ty)sinf,t + TTs(e™t — 1) — TTg(e™t

Jj=1

- 1))sinj% (40)

Equation (40) is the response amplitude of the beam on bi-parametric subgrade with variable axial
force and damping coefficient under distributed loads.

RESULTS AND DISCUSSION
To discuss the closed form solutions of the analysis carried out in this work, the following values are
used:

L=129m, M = 8407.28kgm™1,c =8.128 ms™}, E = 2.109 x 10°Kgm™2,
I, =2.87698 * 10~3m*, u, = 4501.563Kgm™1.

Figure 2 shows the transverse displacement of the beam and it reduces as the axial force (N,)
increases. Figure 3 also shows that increases in foundation stiffness (K,) will lead decrease in the
response amplitude of the beam. Similarly, Figures 4, 5, and 6 show that in each case, an increase in
the shear modulus (F,), damping coefficient (Ac), and rotatory inertia (R,) decrease the transverse
displacement of the beam subjected to distributed moving load. Finally, the axial force and rotatory
inertia have higher influences on the beam compared to other parameters.
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Figure 2. Response amplitude of the beam for different values of the axial force (N,).
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Figure 3. Response amplitude of the beam for different values of the foundation stiffness (Ko).
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Figure 4. Response amplitude of the beam for different values of the shear modulus (F,).
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Figure 5. Response amplitude of the beam for different values of the damping coefficient (Ac).
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Figure 6. Response amplitude of the beam for different values of the rotatory inertia (Ro).
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CONCLUSIONS

The dynamics response of damped non-uniform elastic beam on Pasternak foundations subjected to
distributed load with variable axial force has been investigated. Galerkin’s method, Laplace integral in
conjunction with convolution theorem are used to obtain the solutions in plotted form. The results as
presented in the plotted graphs reveals that increases in the values of axial force, foundation stiffness, shear
modulus, damping coefficient, and rotatory inertia reduces the response amplitudes of the beam. Finally,
length of the beam and deflection profile of the beam are directly related, and this is shown in Figure 7 above.
Also, high risk of resonance effect could be reduced because of the high values of the structural parameters.
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